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Abstract

The purpose of this research is to examine a biological model of vector-borne disease. The paper’s
research demonstrates that its dynamics are solely dependent on the basic reproduction number Ry.
Our investigation is consisted on stability theory and numerical simulations. The Routh-Hurwitz
Criteria and the Lyapunov approach are used to determine the local and global asymptotic stability
of the disease-free equilibrium. In this paper, we use the work of McCluskey and van den Driessche
to show that endemic equilibrium is stable locally. We also use the geometric approach method
developed by Li and Muldowney to show that endemic equilibrium is stable at the global level, where
the disease stays latent if it already exists. If Ro <1, the disease-free equilibrium is globally
asymptotically stable, and the disease will vanish, and a unique endemic equilibrium exists if Ro>1.

Keywords: Biological model, Stability theory, Routh-Hurwitz Criteria, Endemic equilibrium.

1 Introduction

Vector-borne diseases that emerge or re-emerge pose a worldwide health concern [1]. These diseases
are transmitted through vectors, animal hosts, climate factors, pathogens, and vulnerable humans
under favourable conditions [2]. Viruses are the primary cause of a significant fraction of new
infectious illnesses, which are transmitted by vectors. In the last twenty years, there has been a
significant rise in vector-borne infections and an increase in endemic diseases. Certain indigenous
infections exhibit controlled proliferation in response to alterations in their natural habitats, regardless
of the isolation between their introductions and occurrences. According to a previous study [3],
yellow fever and dengue are more widespread globally. The correlation between vector-borne
diseases and climate change is a subject of ongoing dispute. The reality of global warming is
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universally acknowledged, and it has far-reaching effects on all aspects of the natural world. The
impact of climate change in the 21st century is substantial. Current research suggests that there will
be a temperature increase of 1.0-3.5°C worldwide by the year 2100. This temperature change could
potentially lead to a higher likelihood of vector-borne diseases. Weather and climate impact the
behavior of vectors and the transmission of viruses. The construction of dams and irrigation systems
can enhance the food and energy requirements of developing nations. Nevertheless, emerging vector-
borne infectious diseases have the potential to propagate [4]. The expansion of water resources and
population growth can lead to ecological changes that facilitate the spread of schistosomiasis to
previously unaffected areas [5, 6]. Gaining comprehension of the resurgence of vector-borne diseases
is crucial in mitigating their detrimental impact. This is of utmost importance as infectious diseases
sometimes go undiagnosed. Hence, it is imperative to closely monitor the advancements in infectious
disease surveillance and control to facilitate timely public health interventions [7]. Mathematical
modeling is a highly efficient approach for investigating the progression of different diseases.
Through the utilization of these models and the implementation of investigations, we may optimize
our planning and formulate efficient control strategies. The study was conducted to evaluate the
global stability of a host-vector system.

The following structure describes how this paper is organized. Section 2 explains how the
mathematical model was constructed. The dimensionless formulation of the prescribe model is shown
in section 3. Section 4 reveals the basic reproduction number Ro, the presence of a disease-free
equilibrium, and the stability of that equilibrium. The presence and uniqueness of endemic
equilibrium, as well as the stability of that equilibrium, are presented in sections 5 and 6, respectively.
Section 7 contains the results of the discussion and simulations, whereas section 8 contains the
appendices.

2 Model Formulation

In this model, we divide a total host population Nj into few distinct compartments individually who
are susceptible Sy, infectious 7, and recovered Ry. Most likely, the total number of vectors N, is also
split into two groups: vectors that are susceptible ( size S\) and vectors that can spread disease (size
1,). Immune class approximately does not exits in vector class. Their death concludes their infectious
phase. Consequently, the disease divides the host population into classes of susceptible, infectious,
and recovered individuals, whereas the vector population divides into classes of susceptible and
infectious individuals. At time t, the total populations of both humans and vectors are, respectively:
Np=8n+ I+ Rpand N,= S, + I.. So, the following set of differential equations can be used to state a
host-vector model:

ds bfRiys
R A/l“\rH - {1,1 h + U,
dt Ny
(II] I),'}] I ST " -
T[l = {r' Fo (()h + Hh -+ A"’l)“l-
‘ Ny
('[‘I'/ - |
71_1 = Yhin = AnTh, (2.1)
By _ A Ny — Lot
dt vV Ny Ly Sy
dl ’ bd [[ Su . )
T; - f\,l; s (()1' + /l(.)ll.,

S is susceptible, I is infected and R is recovered individual. The birth rate of those who are considered
to be in the susceptible class is represented in model (2.1) by As. There are two main ways in which
infected organisms are spread throughout a population of susceptible hosts: direct contact with an
infected person or a bite from an infectious vector. The infection rate of susceptible people caused by
the biting of infected vectors is equal to the infection rate of suffering people caused by forced contact
with an irresistible person, or bf. The occurrence of new contamination of transmission is given by
the frequency shape bfu(ivs»/Ny ). Natural mortality in humans occurs at a rate known as ;. We
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suppose that the rate at which susceptible people develop lifelong immunity is y,. Disease-related
mortality in humans is denoted by the rate d5. For the vector population, A, is the birth rate and u. is
the mortality rate due to natural causes. The rate of recently tainted vectors is again given by the
frequency frame bf.(ins\/Nu). The following equation describes the entire host population:

dNyg . o )
T (An — pn)Nu — Opip. (2.2)

3 Dimensionless Formulation

Where™t = wy+ Bn = wpp In = wpe I = v, and™ — Wr represents. Sk, Rn, In, I, and S, should
satisfy the becoming system. In this paper, we devote all of our attention to the system’s dynamic
behavior

® = {(Sk, In, Rp, Sy, ) € R}|Sp > 0,1; > 0, R, > 0,5, > 0,1, > 0}.

All model parameters are taken to be non-negative in our analysis Ay, > 0,b > 0,8, >
0,6, > 0A, > 0,8, > 0,0, > 0;

(for more detail see Appendix):

(I(Zn = Ap(1 — Sp) — bBKRI,SK + OnInSh,

(Z’Ih = bBpIySh — (0n + An +yn)In + 5/1113-

df;h = Ip — ApRp + 01 Ry, (3.1)
(1(1811 = Ay(1 = Sy) — bBuInSy + 001y Sy,

% = bBuInSv — (8o + Av) Lo + 8o 5.

where the solution is to be S;,+ Ry + [,= 1, Sy + I,= 1. The value of S, is given by S,=1 — I,. Assuming
the scale-normalized system (3.1), we can examine the reduced system (3.2) that explains all the
dynamics in the same way throughout this paper.

d?{h i Ah(l —8y) — bBLI,Sy + 0,11,
(¢
iI, . .
((][) = bthl'Sh — ((5;, = Ah = = A."h)]h + ()],I;IZ. (32)
11, : = =3
‘ 2 = bBuTi(1— ) — (o + Ao+ 8o 5.
at
System (3.2) has a remarkably invariant set of viable regions: I = ={(Sn. I L) ERL | 0=

Sp+ < 1,0 < I, < 1}, where{T+ denotes the lower-dimensional cone of R which is nonnegative.
Table 1: For simulation analysis, the model parameters are shown below. As for system (3.2), we
establish the following theorem.

Theorem 1. Let (S, Iy, 1) be the solution of the system (3.2) with initial conditions of S(0) = Si°, I(0)
= 1%, I(0) = .°, then T is positively invariant set with respect to system (3.2) and attracting under
the flow represented by system (2.2).

Symbol | Description of parameter

An The recruitment and natural fatality rate of humans

Ay The recruitment and natural fatality rate of vectors

b The rate of new infection to human

By The rate of new infection to vector

oh Disease mortality rates among humans

ov Death rates of vector due to disease

Vh The rate of infectious individuals acquire permanent immunity
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4 Stability theory to Disease-Free Equilibrium

In this paper, we use direct calculations to show that the system (3.2) contains disease-free equilibrium
points in steady-state solutions in which there is no infection. For the diseasefree equilibrium point,
Sy=1, 1= 0, I,= 0 that is, Eo= (1,0,0). The term "basic reproduction number" is used to refer to the

| T

quantity that describes the entire disease dynamicsR” =0 V R8T | In model (3.2), Ro
represents the critical threshold of the epidemic model and serves as its foundational reproduction
number. We can tell if an infectious disease has the potential to spread throughout a population by

looking at the basic reproduction number. Using second Theorem of [8], by assuming that
11‘ = (S,,A //,. 1, ')‘[

1E ot o)
’——'f'(l;)—';’ll;}. (4.1)
dt
where
0 _~\h\' 1 — 's.h ) + b ihlr‘\"h = (“"I lh ‘s.h
::’ r) = h')"lll ‘\‘I‘J . ?"( ,:, = ‘:(Sh + ~\I'l 2 X -’h .lh — {sh I[_,.
b3, 11,8, (8o + As) ]y — 6,13
Fy = b3y 1.5y, and Vi = (0 + A+ ) i — 017
Fo=b3,1;(1—1,) and Vo = (80 + A ), — 6,12,

All new infections are represented by the Jacobian matrix F(E). V(E) is a representation of the net
transition rates aside from the corresponding compartment, where
F 0 V 0

where F and V are a 2 x 2 matrix and therefor, by linearization at
Xo = E*(1,0,0), we get

aFy  JF; aVvy oy
al, dl, ol, ol
F= and V =
A OF, Ve oV,
al,  dl, aly  al,
.| 0 b3y, 3 (dp + An + 1) 0 ]
k L‘ e 0 } V [ 0 (8, + A, uJ
1
: ] X . £ 1Ty, pres (0
as V!=-—Adj(V), then V~!= |%+iatm) A
Vi 0 (9, ‘l.\,:

hence FV ! contains the next generation matrix of the system (3.2);
(R
A (SotAu)

(A +An+n) 0

As a result, the spectral radius Ro = p(FV ') provides the basic reproduction number of the system
(2.1) as shown below.

I ; I|I .5|||..f|.
= ik | - =
! ‘l.ll ('hh + -'J‘L.I'J + T ]{'ﬁr + JI1!--' :I

Theorem 2. System (3.2) disease-free equilibrium Ey is locally stable if and only if Ro < 1, and is
unstable otherwise if Ro> 1.

Proof- We evaluate the Jacobian matrix of the system (3.2) at the disease-free equilibrium point Eo
and is given by
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Ay 3 b3
JUEy) = ] —(dp + Ay + 1) b3y,
ik b, —{f + Aol |

The Jacobian matrix has a characteristic equation of det(1l — J(Eo)) = 0 based on the Routh-Hurwitz

criterion.
B+ al+ad+az= 0, 4.2)

where
ay =0, +20, + + 0, + A, > 0,

ar = Np(6y + Ay +95 + 00+ AL) + (0 + AL )00 + A1 — R":) > (.

az = An(n + An + 1) (00 + Ay)(1 — RG) > 0.

Now we should check the said criteria. If the criteria is satisfied then all the eigenvalues have negative
real part,
Routh-Hurwitz Criteria: a; > 0,a2 > 0,a3 >0, then ajas > as.
araz — ay = (0 + 20, + 9 + O + Ao) MRS + Ap + 9 + 60+ M) + (0, = A+ )
(8, + A)(1 — R2)] — An(6h, + Ap +70)(8, + A)(1 — RY)
An 4 (O + An 4+ 9n + 00 + Ao)[Anlbn + Ap 430 460+ Ap) + (00 + A +90)
(80 + Au)(1 — RE)] — An(dn + A+ ) (80 + Au)(1 — RY)
AP (B +An+790 + 00+ A0) + ARG + A + 0+ 8, + A + (0h + A+ + 6, +Ay)

(8n 4+ A + )8, + A1 — Rf:) > (),

Thus, Eo is locally asymptotically stable in model (3.2). O
The global stability of an equilibrium free of disease for system (3.2) is now being studied.

Theorem 3. For bful, > onln, bpvln > 0.1, The disease-free equilibrium Ey is globally asymptotically
stable in T" of the model if and only if Ro< 1. In contrast, Eois unstable if Ro> 1.
Proof. For globally stability we construct Lyapunov function as.

L(t) = ailp+ az2l,, (4.3)

where,
ar= (5v+ Av), az = b,Bh

Taking the derivative of L along the system (3.2) solutions yields
L)y = a0y + aad,
= 1 |:'r"'ii.lr| 'Llll'.l - =_ﬂ-.|| + -j!-.ll + ﬁl.'l]rl'r + ﬂ-.ll -|r.l-::| Ll ['I" j."-hl"l - -|r.'_:' - I:"'S-" + -'*!-l ]-‘rl + ')iljr!:|

(s + Ay [n IndoSn — (8 + A + ) I + m,;,‘-,’] F b [a.a,.;,.:l L) = (8 + A, 4 a‘,.r;-']

- |j‘i|"'i|'.l=.'1-l' o ""r'.l 'FI"';;II.I - ['};I’r + 'J"l'r + J-:'.Il':'[');.' + "' I',:I'rlll T '#';ll.l{'"-l' o ""r'=!fé:|
+
+

— (g + Mg+ ) (B + AL = B2 0 — P38 L + B3(8, + AL

B2 B Dy (1 — 1) — by (8, + A, + by n.ei,-f,'-.’J

-

W3 (e + Ao o1 = Ty ) — (8 + Mg+ yn}(de + Ay & dpldy + -"H'”*'r']

B andedn(1 — 1) — b6, + A + band, r}_‘]

+ 85 (B + AT — bR (8 + A I — (8, + Aoy + by, 12

— | (g + Mg b (b 4+ AL — R;’::I + (a, + AW bE T, — ﬁ,l,f.l,_:l] Iy — b3 (bo Ty — 8,100, <0

Vol. 30 No. 19 (2023): JPTCP (624-637) Page | 628


https://jptcp.com/index.php/jptcp/issue/view/79

Global Stability Of Host-Vector Model For Vector-Born Disease

Thus here if Ro< 1 then L'(?) is negative. Further along the solution of the system L > 0 and L = 0 iff
Iy=1,=0.Thatis L'(f) <0 if Ro< 1, then L'(¢) = 0 when and only when I, = I, = 0. Consequently, our
endemic equilibrium point is the singelton set Eo, which is the biggest compact invariant set in
{(Sh,In,1y) € © | L'(£)=0} when Ro< 1. Consequently, we infer that Eois globally asymptotically stable
in @ by applying Lasalle’s Invariance Principle [9]. O

5 Stability theory of the Endemic Equilibrium
In this part, we investigate the occurrence and stability of endemic equilibrium points. A unique
endemic equilibrium £° = (5. [5. I7) in I exists in the host-vector model (2.4) if and only if Ro> 1,
with
Ap(1 = Sy) — 0B8RI, S, + OIS, = 0,

b1, Sh = (6n + Ap + i) In — On13,

Ap(1 — Sp) — (Op + Ap +vu) I + 6p 12 + 6,1,SKp = 0,

(6nIh — Ap)Sh = (6n + An + 1) In — (5},],% — Ay,

Ap — (O + A + ) + 6,152

Sy =
. (Ap — On1})
. b3 I} + (0, + A) + VA
i 25, ?

where A = 028212 + 208, (Ay — 60) I} + (00 + Au)?,
and I} is the root of the following equation:

Col;® + O\I° + Oo I + C3 1% + Cu I + G I + Cg = 0, (5.1)
where _
Cy = -1&;.:5;". — 4b* 3, .ﬁ',.ﬂil}:ﬁ,._ '

- (Eh“.if, Fofi (A — &) — 2633 32885 + Ap + J) .

Z

Oy = (Eﬁf.-l’-i.--."'m — B B B0+ Ap + 0) + 28080 (8h + An + 7) + bOndn(8, + *‘Lf-]) +
';’(J'f.iri Gy — ‘2-"5}':5,.) (FF Wy — 280500, + Ay 4 i) — b3R(d, + Ay + )00, + ;"L.-]) -
(zﬁ.f}féﬁr_as. + A — AW BB + Ap 4+ ) (A — 80) + BRERAREL + A+ )t + ‘.’Ia’.if.ﬁ_-‘i;,d;,) :
Cy=2 (ff.ﬁ;, By — ﬂéfé,.) (I’J-ir. Ay 8y + .-1,.]) +2 (za,,a'...-t,, — B B0y (8 + Ay + ) + 20,8, (8, + A + )

+ {?'.'-'In'|'{i_l|[ljj|- + 4'\.-2') (|',Iz.'l'||J i'-‘l!'-h - 2|‘-'-4"'1|-I'.'|i'§l| + _-J!|,||I + '”l_,jl —h jill,l:uﬁlr + Ay + ":Ill:lI:u,’il - ;1|.|,.:|)-|-

Ob% G280 (8 + Mg+ 1) (8 + A)® = 20326, (8 + Ay + ) (A — 8) — P25, A Ay — 6,)4
W AEBEAL( + Ap + ),

Oy = 1’[95f.-"3.---"lﬁ- — 08B (B + Ay + 0 ) + 2848, (05 + Mg+ 70) + b8y (8, + -'!r-]) (L-ﬁ. Awidy + A, ])

2
+ (J;‘v’.f,, BuAp — 28, A0 (8, + A 4 ) — B8, + Ap + 30 ) (8 + _.1{.1) — B AEaEAE
— Ay 4+ Ay 4 (8 + M) — 2 3 A8, (8, + Ap)® + 48735 AR (8, + Ap + (A — 6
(-r?l =2 ('-F"!'j.lll '--lll'-'1L|'.I - 25: -'1-.|| [r-inll + -"l'il.- + i-:'.||] - 'E‘I'ﬁ.ll [ I'!i‘.ll T -"Lh + Th :[ﬂe + ‘il'.:I) (h j|’.'-'1L|’.'|::':,:1'r' + -"L-"]) +

BN (B + Ap 4 70 ) (6, + Ap)? = 20 8P AAT (A, = 6,),
C =0,
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Thus we obtain the polynomial function of the degree six in (5.1). Which represents the presence of
few endemic equilibrium points. This shows that there are six possible roots for /;*, which further
means that there are at most six possible endemic equilibrium points.

Asin [10,11], we employ the additive compound matrices method to determine endemic equilibrium.
The following Jacobian matrix is obtained by linearizing system (3.2) about the endemic equilibrium
point £*.

—Ay — bBrL; + ‘Sh-[;; (Shk.y; —I’),th;;
J(E*) = bBLI? —(8h + An +n) + 2641} bBhSE
0 bBy(1 — I¥) _BBIE — (6 + Ay) + 26,1

The Jacobian matrix J(£*) has an additive compound matrix J*/(E£*), which is given by
Miy  bBhS: bBAS:

JA(E*) = |b8,(1—I¥) My §,S:
0 bapI;  Mss
Where
My = _(()“h + 2A; + ’7,1) — b‘th* + 3(51111):*

Moy = —{(Ap 4 8o+ M) = bBul?t = bBHIE + 651t + 26,12,
J\[gg e —((Sh + A]l + v + (51; + Ap) B bdll;; + 2((5}11;; + (52»1:.().

we know that if the Jacobian of our dynamical system with negative real part, then the system will be
asymptotically stable.

Lemma 1. Consider Z to be a real matrix with the dimensions 3x3) If tr(2), det(Z), and
det(Z1*)) are all negative, then all eigenvalues of Z have negative real part.
For the stability of endemic equilibrium we use the above lemma.

Theorem 4. If Ro > 1, then the endemic equilibrium E* is locally asymptotically stable.
Proof. We get the following from the Jacobian matrix J(E*)

tra(J(E*)) = — ((A’,, + 205+ 4 0w+ Ay) + 08I + 1)51,1,’;) + 301} + 26,1

tra(J(E*)) = — (5;1 +2An +n + 60 + AI,) — I <b,3h - 2{)}) - I (b,;il. - 36h>
If b3, > 26, and b3, > 36}, then

tra(J(E*)) = — ((5;1 +2A, + 9, + 00 + Av> - I <b‘3h — 2()}) —I (bb’l. — 23(5,1) <0.

—Ag— BRI + (5;11;; 6,,5; —bb’hS;
(l(’f(](E*)) = I),:ffhl: —(6p +Ap +) + 26]1.[”: I)‘B,IS,’:
0 b3,(1 —I7) —bBul} — (0p + Ay) + 26,1,
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det(J(E*))

- {_""-Jr - Flﬁhlr:: + '51‘1.1.:] [( - Eﬁh + ﬂlh + F:"Fr} + 2‘5.[.'-{;:) ( - bﬁf:-{jj - {'54 + a"!llt'] + 2‘51-{:)

— A1 — I*)(b3nS] }] — bt [&,,5;;( — BT — (6, + Ay) + :EH:',_.I;‘.‘) + b, (1 — .r;'.)h,.-?,,s;;]

=i - _filﬂ.g: Ny -
= Slih I( = (dp+ Ap+ ) + 25}.1;:) ( )f* I + nvf,‘:) = b3.(1 - I:.}{bﬂhf:';:}]
h M
- ® | 7 ® _IEIIHE'I;; & & =
= bl (anSi ( —pt + 013 ) + bB,(1 — I)b31S;
~ A bB.l; Y S
= 5." II[J;, + An + h) = IJ‘ — (8 + Ap + yr)d Iy — zbﬁrah% + 20,8, 15 17
h © (1]

— b3, 8,87 + b8R8 S,:J + b2 B BB SE I} — bnd 8, SHIE — WP BE AL IS + W AR 5,100 8)

- {rl‘.';h + J"Lh + ‘;‘hjlb.-ﬂl-ﬁhf;: " I:n?;, + Ay + "}'h}ﬂ;pﬁ.hﬂ: + Qﬁﬁl-ahﬁh f}:z B Etﬁ'ndu"!.hfh*f?
I 5','; 57 15 .5';:
+ BB BuAn — VP BnBuARTE + B2 BBt St — bOd.OLSEIE: — WP 3R, I2 S} + B 57 8. 122 S,
o (0 + Ap + ’}-'h\}fi."i..ﬁ.hfﬂ n gﬁ;ﬁ!,ﬁhfﬁ .lr:
I;S; S;
(I:ﬁh + Ap + "}',l*_]ﬁrﬁh .T; ﬂfu'j'._.i’}-,r,.ﬂhfﬂz
- * + v Ok
Sh I!' ‘E'rh

+ B2 8,8, AR IF + b6, 8, ST + b .-5*,3;1,1;5;)

B

+ b3y B Ay + B3, B8, SEIE + 6P 358 f*:’s;;)] .

If

([ﬁh + a'ih + ’}'g,}bﬁvhh IE n Qrﬁhﬁ,,ﬁkhm I;‘
sy Sp

(8 + Ap + )0 ART, 24’3.‘3.15hﬁhﬂ,2
— + -
Sy sy

+ b2 8,8, AR T + b3 6.6, S;, I;j + b‘lsﬁﬁ,-'ﬁit.ITfS;) >

+ BBy Bu g + b B Budn SETT + EFﬁE;’:i‘T.I:zS;)

’

dy + Ay o b3 AL TS 28,8 N TE T .
= —[(( n Tk = S";} Pothlh 4 2 gj‘ B b2 3 B AR T + bOndudn SETe +b'*_:iﬁ£1_..f;'.5'}j)
rh “h

(Ot An ) ARTE | 258,8 An T
S I:S;

+ b8, 8uAp + BB BuOn ST + B 32 A, 1,':23;)] <0

For the compound matrix, the determinant of J*J(E*), we have
My b3wSE bE,SE

det(JE(E*)) = [b3,(1 = I*)  May  8,5;

0 oIy Mas |
Where
My = —(0p + 2Ap + 1) — bBRI; + 30,15,
My = —(Ap + 6, + Ay) — bBu I}, — bBRI, + 0p1y + 20,1,

M3z = —(0p + Ap + v + 0y + Ay) — 0B, I + 2(0n 1} + 6,13).
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det(JP(E*))
= My (M2 Msz — b3p6p I3 SE) — b3u(1 — I (b3, S; Mag — V28513 55)

— (I.{Sh | 2:1".". | "'I.|||:| | Ir'hj.'llfl‘: 'Iiﬁ-',',-.lrﬁ) |:([,‘!|-II| { ﬂ-ll' 4 .:'1.--_:' r h ﬂ..!; | F.l.-.llhf: fi,llJr;.: -_-'lll:l-l.f:)
(frilr,. FAR o+ O+ AL A b, Iy 2[!’5;,.1";, f ri.-f::l) I'J.T,r,.t';,l;f:-E!';J
b, (1 ;;;-Kr:.f,,.s;,)( (8 + Ap + 90 + 80 + Ay) = b3 15 + 2(8,15 4 ri,.f,'.]) fﬁ.f;—jf,'..s_.;J

If 6,= 0 and J,= 0, then
= —(llrfl-,l, + 2An + 1) + b8RI, — lﬂe'i.lrlr;:> [([.-'l.,li + 8y + Ay) + 03,05 + ban I — &1 — fﬁ,.f:)

({4,? A+ 7h A+ B+ Ay) + bELTE — 2065 + 6,17 ]j — bR SE

— b8, (I — |}[(.n.f_,-..5;) (mh + Ap 4 W+ Gy + Ao) + BB — 208,07 + n‘,.:;,;) + ;J-*_g;—j;;s,j] <0

Consequently, the endemic equilibrium E* of the model (3.2) is locally asymptotically stable in I in
accordance with lemma (1). O

6 Stability of Endemic Equilibrium on a Global Scale
Now we show that when Ry > 1, the endemic equilibrium is globally stable. For this, we introduce
some important result.
Lemma 2. System (3.2) is uniformly persistent if Ro > 1, and there exist ¢ > 0 (Algorithmic
independence of initial values), such that liminfy .. S(f) > ¢, liminfy . Ii(¢) > ¢ and
liminfy—o0 1,(f) > c. )
Proof- Let I1 be a semi-dynamical system (3.2) in (fi). xa locally compact metric space and I'o =
{(SnIn1,) € T | I,= 0}. In system (3.2) I'g set is a compact subset of I' and ['/Tg set is positively
invariant. Let a mapping?” : ¥ = & 7 be defined by P(Sh,In 1) = I,and set S = {(S,In,Iv) € " | P(Sh,In,1,)
< p}, where p is sufficiently small constant so that Ro(1 — (A./Av)p) > 1. Assuming that x € S'is a
solution such that, for all # > 0, we find P(Il(x,)) < P(x) < p. Considering Lyapunov function and let
o0 be the minimum of function, then finally the result becomes:

L(#) = SL(%). (6.1)

The inequality (6.1) means that if # — oo then L(f) — . In contrast, L(¢) is constrained by the set I
This completes the proof of Lemma 2 in [12], which follows from Theorem 1. [
Using Li MY and Muldowney JS’s geometrical technique in the feasible region @, we analyze the
global stability of the endemic equilibrium £*. We sum up this method as follows (see [9,13,14]).
Each solution y(z,y0) of the differential equation is a f: y 7— f{y) on the E' map from the open set
FcR'toR"

y=1) (6.2)

is individually defined by the initial value y(0,)0).
The following are our assumptions: (H1) D is simply connected;
(H>) there exists a compact absorbing set K C F;

(H3) has unique equilibrium y in F. Let p : y — p(y) be a nonsingular (121) X (121) matrix valued

function which is £'in F and a vector norm | . | on RY, where N = (121)

Let u be the Lozinski i measure with respect to the | . |, then define a quantity g2 as
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L , .
gz = lim supsup - [ piBly(s, yo)))ds,
= f Jo :
where B = pp ! + pjl?lp~!, J?is the Jacobian matrix’s J second additive compound matrix. Li and

Muldowney have proven the following theorem.

Theorem 5. Assuming Hi—H; holds, the unique endemic equilibrium E* is globally stable in ® if and
only if g2 < 0.

In this case, we employ a matrix-valued function with a norm of | - | in B* and
3 x 3.
1. 0 0
l;(_r} =110 5*'* ()
I
0 0 %

In the interior of ®, it is clear that p is £! and nonsingular. To obtain the following Jacobian matrix,
we linearize system (3.2) about the endemic point £*.

—An — 08,1, + a1, Sy b3y, Sy,
J(E) = by 1, — (8 + Ap + ) + 26,1, by Sy,
0 ba.(1 — 1) b Iy — (8 + Ay) + 26,1,

Also the second additive compound matrix is:
My, b3y Sy b3Sy

JUE)= [b8.(1-1,) My 6.5

0 h.‘h],. _‘!(,5
where

My = =8, + 2\ + ) =031, + 3451, 1.
‘l”) = —(Ap 46, +A;) = b3, 1), - l’I.?‘,,].- + l';,,lp, + 26,1,
Myy = '”f + Ay + 90 + 00 + Ay) = 030y + 2(84 1y + 801,)

-1

The matrix B = pep~' + pj¥p~" can be interpreted as a block matrix

B = [/711 ”1:]'

By, By
where
By = —(8) + 2A), + ) — b8y 1, + 30313,
], L
Ij]: -~ (b.’l.-"-h lh h *l' S/' (lh ))
’r‘
13‘:1~(( )M( II.I).
Q0
_ Ay Ap )
Py == J
I-— < .-l-_yl :"‘_"_' /
where
,h ,, J : |
An = 2 = 2E — (A + 8o + Au) — bBu Iy — bid, + 8y Iy + 26, 1.,
,h ,'
-"12 = (5.,‘ 5';,.
Ay = b8y, 1,,
' J . e
'.l-,,-, h 4 {8y, + Ay 4 Th 4+ 0, \,) I'.fl;lh { 2!\:\{.['. 0, 1,).
lh ,'

Take into account the norm in R®, which is defined as |(u,v,w)| = max([ul,[v] + [w]), where (u,vw)
denotes the vector in R*. With regards to the define norm, the Lozinski i measure is

u(B) < sup(g1,82), (6.3)
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with
gl =ul(B11) +|B12|,g2 = u1(B22) + |B21|.
From system (3.2), we write down

I b3y 4.5, o _
e Ly + __th + ) +‘::'.I'.'-r|'|

Iy iy

I’ bA

v L b3y — (B 4 Ay} ST
I, I hiFady — (8p + Ay

’

whereas B is a scalar quantity, (therefore, each R' vector norm has a Lozinski i measure equal to B1;.
Therefor
.“I.{BI | )= JI-_"'II 1= _l:':]-.l'.I + -3_.1‘”' + F:.I'.'} — b }IIIIII' T+ :?"A-llljlll
Ly

Byal = b, S) -2
|52 ) A

also g1 will become ]

Iy
) X L i
_["):Illl T -"1"|'| T rt'lll} - b'jlll':l' + ij-'.F.'-'Fn'l T h'i‘lhhr_ - -"1'~|'| + Ed.l'.'jh

hk
'll-lrl LY

=t — Ay, —BaL L + 268,10,
Iy

I _
L A 25T,
I, T (6.4)

ol = Ba.(1 — L) (I .
Further,| Ba| = b8,(1 — L) (fr- ) The norm operators of |Bi2|, which map from R to

R, are denoted by the notation B2, and |B»1| are the norm operator of B>; which are mapping from R
to R%, as well as the 71 norm being a part of R*. Furthermore, B»; is 2x2 matrix and p1(B22) is its
Lozinski“1 measure with regard to 71 norm in R?. Consider the

(80 4+ 200 + 95) = B8 T, + 38,05 + B3RS,

m

.

following
noor ) _
p(Bzz) = sup [I_h - I_I —(Ap 4+ 8, + A — B30 — bR, + dpdy 4+ 28,0, + band,,
h 1
Lo x - |
H - _f_ - fl’s.'r + .'1!I.|’| =+ ¥ + dy + 15.,} — 'LJ,r,. + zlrrfl.lrfh 4 "".--L-;l — 5!.”:_.”'
I I ) ‘
= I_lll — I_I - |:‘.'-‘I_I'.' +'|‘.f.- -+ J‘!I.!.:l — F__I_j{ I.I'.l +'|"rlllflll + :'._I'ISI.IHI
i 1 ,
Hence,
g2 = ﬂll:.BE'_-'] T |Bg||
n !
= B 20 (A By o) — bl + Sl + 20,0y + 0B, — 1)
I, I, I .
fh _ 1L b, Iy,
= 7= 7~ A= (8o ) — BB+ By + 28,0, + S — LT,
IIII j_,. Ir.
I, 1 B,
— jr—:' — jf; — 'I‘I"I_. € '-FJ I;IJ[.H - f.l.'-|l|'lr.F.- - |:_|"S.. + a"ll.|.::| + r'il.url. - FJ.i?..f,ll =+ r'i,.,.f,u, e r'i..f, [1':1_'|'|
noor o r ] _
— I_:I — j—’ + I_ — Ap, = BT + S0y + ST
I
il Ap = b3 Dy + 650y + 6.0,
h
it : i
=5 An + dpdy + 8.1,

Thus,

jf
p(B) = sup(g, g2) < ( ’“)

I (6.6)
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Because the system (3.2) is consistently pers1stent for Ro> 1, and consequently when ¢ > 0, such that
’-'J

t > T, implies that Sy(¢) > ¢, In(t) > ¢, I.({) > ¢ and < =% for
all (8x(0),71(0),11(0)) € K. Thus,

! / pl Bt < 08 Talt) _ Ay < _E

o ’ 2, 6.7)

for all (54(0),7,(0),1,(0)) € K. In addition, this implies that g> < 0. This proves that Theorem 5 holds
true. This indicates that £* is globally asymptotically stable in I

7 Numerical simulations

In this section, the transmission processes of Vector-Born Disease with Linear Incidence Rate has
been presented with the help of a numerical scheme to elaborate the dynamical behavior of the
system. Our simulation has been performed by applying the well-known MATLAB 2020 a and Runge
Kutta order 4th MATLAB 2020a method. Different scenarios are accomplished with different
assumptions of input values. For these numerical simulations, we considered the values of input
factors of the system of dengue from Table 1. Moreover, the values of state variables are taken as
follows: Sy=0.8,1,=0.2,R;,=0.1,5,=0.2 and V,=0.1.

Symbol [Description of parameter X1 X2
An The recruitment and natural fatality rate of humans 0.01 0.1
Ay The recruitment and natural fatality rate of vectors 0.02 0.2
b The rate of new infection to human 0.24 0.23
By The rate of new infection to vector 0.13 0.34
oh Disease mortality rates among humans 0.5 0.5
ov Death rates of vector due to disease 0.14 0.17
Vh The rate of infectious individuals acquire permanent immunity 0.01 0.1

Table 1: The duration of incubation for some epidemic illnesses.

T =N d . =
/ P

(n) Sw (b) Iy

(c) Ry, (d) S,

i/

— \»

(o) 1, (r) System(3.2)

Figure 1: The dynamics of each state variable for the system (3.2).

Vol. 30 No. 19 (2023): JPTCP (624-637) Page | 635


https://jptcp.com/index.php/jptcp/issue/view/79

Global Stability Of Host-Vector Model For Vector-Born Disease

=

s
0.35
0.15
oos
o

(a) S, (b) 1y

Time in days Time in days
(¢) R, (d) S,

0 50 200 20 o 0 00 50
Time in days Time in days

(e) I, (f) System(3.2)

Figure 2: The dynamics of each state variable for the system (3.2).

8 Conclusion

In this paper, we present a host-vector model for vector-borne diseases that accounts for direct
transmission and a dynamic human population. It refers to conditions that have a high mortality rate
over a prolonged period of time (e.g., dengue fever or malaria). A mosquito model carrying a disease
vector i1s numerically analyzed. In this model, the new infection rate in both human and vector
populations is represented by a single number, Ro. The basic reproduction number Ry governs the
model’s (3.2) local and global dynamics. By developing Lyapunov work, we demonstrated that the
disease-free equilibrium Ep is globally asymptotically stable in I, if Ro< 1 and thus the disease are
reach to ends always. If Ro> 1, then the unique endemic equilibrium exists and endemic equilibrium
E*is globally asymptotically stable in I" and thus the disease alloy at the endemic equilibrium if it is
initially present.
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9 Appendix .
Utilizing the transformation’® = N+ 7h = Wir %v = W fh = w7 and!v = W for scaling, their
differentials:
dSy, . | dsg CdNg | dly | din dNa | dRy [ dry AN gy
= 75— | = — Sn e =gl s = e | B
dt NH |t it it NH |t ilf it SR I | dt
dS, [u‘.u,. CdNy] odlL, [ﬂ rf.‘k'.,-]
ot Wolde 7T dt ] dt fvldt " dt | and from the system (2.1) and

(2.2), we acquire the dimensionless form (3.1). If 6,= 0 and A, = us, then N (t) becomes vanish and
so Nu(f) remains constant at its initial value Npo. In this case, the system (2.1) becomes the model
with constant populace whose dynamics are the similar as the transform system (3.1). Hence, all the
solutions with initial condition skotinot7o = Nmo tends to (Nmo,0,0), if Ro < 1, and the

Nuolsiih, 13, ), i o > 1 qn the other rest part of this section, we assume that ;> 0.
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